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Appendix A

Functional derivative of the

entropy

We present the functional derivative of the entropy H(p) in Equation 3.6 (p. 96). Typ-
ically, this is tackled using calculus of variations, but it can also be obtained using the

Fréchet and Gateaux differentials. Both methods are presented.

A.1 The usual functional derivative

The functional derivative is defined as follows.

Definition A.1 (Functional derivative). Given a manifold M representing continu-
ous/smooth functions p with certain boundary conditions, and a functional F': M — R,
the functional derivative of F(p) with respect to p, denoted OF/p, is defined by

oF _ . Flp+ep) —F(p)
67(96%15(96) dz = lim ;
= [iF(p + 6¢>)] R

where ¢ is an arbitrary function. The function OF /0p as the gradient of F' at the point

p, and
OF

~J o

as the directional derivative at point p in the direction of ¢. Analogous to vector calculus,

OF (p, ¢) (x)(x) da

the inner product with the gradient gives the directional derivative.
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Now let X be a discrete random variable with probability mass function p(z) > 0,

for Vx € ), a finite set. The entropy is a functional of p, namely

H(p)=—>_ p(x)logp(x).

e

Equivalently, using the counting measure v on 2, we can write

Hp) = — /Q p(x) log p(z) du(z).

Using the definition of functional derivatives, we find that

OH

A 8*p($)¢(x) dz = [dH(P + €¢)]

de e=0

_ [_i (p(z) + ed(2)) log (p(z) + () 0

[ p@)el) b(z) e
- /Q<p<x> T eo@ (@) +eole) T P08 (pl@) + ol ))) d

= —/ (1 +logp(x)) ¢(x)da.
Q

Thus, (0H /0p)(x) = —1 — log p(x).

A.2 Fréchet differential of the entropy

Since we have already introduced concepts of Fréchet and Gateaux derivatives earlier,
we shall use those instead. Assume that the entropy H is Fréchet differentiable at p,
and that the probability densities p under consideration belong to the Hilbert space of
square integrable functions L?(©,v) with inner product (p,p’) 2w = | pp'dv. Now
since the Fréchet derivative of H at p is assumed to exist, it is equal to the Gateaux

derivative, which can be computed as follows:

d
04H (p) = aH(p + tq)

t=0
d
= {— /@ (p(8) +tq(8)) log (p(9)+tq(0))du(0)} g
- —/@ {(i(p(e) + tQ(H)) log (p(@) + tq(@)) t_O} dv(6)

drv(0)
t=0

- p(0)q(0) tq(6)? ]
B /@ (p(H) + tq(6) + p(0) + tq(0) +q(0) log (p(9) +tq(9))>

- —/@q(ﬁ)(l +logp(6)) dv(0)
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(=(1+1ogp),q)q
= dH (p)(q)-

By definition, the gradient of H at p, denoted VH(p), is equal to —1 —log p. This agrees
with the usual functional derivative of the entropy obtained via standard calculus of

variations.
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Appendix B

Kronecker product and

vectorisation

The Kronecker product crops up in the definition of matrix normal distributions, which

is used in Chapter 5 for the I-probit model.

Definition B.1 (Kronecker product). The Kronecker matrix product, denoted by ®,
for two matrices A € R™™ and B € RP*Y is defined by

AnB ApB - AyB
A®B= A%B A?B T“%TB € RPXMa.
AqB ApB --- A,.B

The Kronecker product is a generalisation of the outer product for vectors to matrices.

Of use will be these properties of the Kronecker product (Zhang and Ding, 2013):
« Bilinearity and associativity. For appropriately sized matrices A, B and C,

and a scalar A,

A®(B+C)=A®B+A®C

(A+B)@C=A®C+B&aC
AM®B=A®AB=\A® B)

(A®B)®C=A®(B®C)

¢ Non-commutative. In general, A ® B # B ® A, but they are permutation
equivalent, i.e. A® B # P(B ® A)Q for some permutation matrices P and Q.

o The mixed product property. (A® B)(C ® D) = AC @ BD.

APPENDIX B

273



e Inverse. A ® B is invertible if and only if A and B are both invertible, and
(A B! =A"tg B~L

« Transpose. (A B)' = AT @ B".

o Determinant. If Aisn xn and B is m X m, then |[A® B| = |A|™|B|™. Note that

the exponent of |A| is the order of B and vice versa.
o Trace. Suppose A and B are square matrices. Then tr(A ® B) = tr(A) tr(B).
e Rank. rank(A ® B) = rank(A) rank(B).
« Matrix equations. AXB = C < (BT ® A)vec X = vec(AXB) = vecC.

The equivalence between matrix normal and multivariate normal distributions are

established making use of vectorisation for matrices. This is defined below.

Definition B.2 (Vectorisation). The vectorisation operation ‘vec’ stacks the columns

of the matrices into one long vector, for instance, for the matrix A € R"*™

vec A = (AH,...,Anl,Alg,...,Ang,...,Alm,...,Anm)T e R™™,
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Appendix C

Statistical distributions and their

properties

This appendix is intended as a reference relating to the multivariate normal, matrix
normal, truncated univariate and multivariate normal, gamma and inverse gamma dis-
tributions, which are collated from various sources for convenience. Of interest are their
probability density functions, first and second moments, and entropy (Definition 3.5, p.
96). Note that in this part of the appendix, boldface notation for matrix and vectors

are not used.

C.1 Multivariate normal distribution

Definition C.1 (Multivariate normal distribution). Let X € R? be distributed ac-
cording to a multivariate normal (Gaussian) distribution with mean u € R? and co-

variance matrix ¥ € R (a square, symmetric, positive-definite matrix). We say that
X ~ Ng(p, ). Then,

« Pdf. p(X|u, %) = 2m)" 2572 exp (= 5(X — ) TETHX — ).
e« Moments. EX =y, E(XX ") =X+ puu'.

« Entropy. H(p) = 1log|2meS| = 4(1 + log27) + 1 log|%|.

T o o

For d = 1, i.e. X is univariate, then its pdf is p(X|u,0?) = Lo (X_“), and its cdf is
F(X|p,0?%) =@ (%), where ¢(-) and ®(-) are the pdf and cdf of a univariate standard

normal distribution. In the special case that ¥ = diag(a% e 03), then the components
of X = (X1,...,Xq)" are independently distributed according to X; ~ N(u;,02).
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Lemma C.1 (Properties of multivariate normal). Assume that X ~ Ng(u, %) and Y ~

Ny(v, W), where
Xa a Ea Ea
X = . p= H , and X = T b .
Xp b Yap b

e Marginal distributions.

Then,

Xa ~ Naim x, (a, 2a)  and  Xp ~ Naim x, (16, 2p)-

e Conditional distributions.
XalXp ~ Naim x, (fia: £a)  and Xy ~ Naim x, (fin, Zp),
where
fia = pa+ Sy (X =) b = g+ B3 (Xa — ta)
DI I It Y= — B8,
e Linear combinations.

AX 4+ BY 4+ C ~ Ng(Au+ Bv +C,ASA" + BUB')

where A and B are appropriately sized matrices, and C € R?.

e Product of Gaussian densities.
p(X|p, D)p(Y|v, W) o< p(Z|m, 5)

where p(Z) is a Gaussian density, m = S(X"lu+¥~1v) and S = (71 + ¥~1)~L,
The normalising constant is equal to the density of p ~ N(v, X + ¥).

Proof. Omitted—see Petersen and Pedersen (2012, Sec. 8). [

Frequently, in Bayesian statistics especially, the following identities will be useful in

deriving posterior distributions involving multivariate normals.
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Lemma C.2. Let z,b € R% be a vector, X,B € R"™ % ¢ matriz, and A € R¥>? ¢

symmetric, tnvertible matrix. Then,
—%xTAac +b'x = —%(w — A7) T A(x — A7) + %bTA_lb
tr(X "AX) +tr(B'X) = —% tr (X —A'B)TA(X —A™'B)) + %tr(BTA_lB).
Proof. Omitted—see Petersen and Pedersen (2012, Sec. 8.1.6). [

Lemma C.3. Let X ~ Np(ug, ), that is, the mean vector pg and covariance matrix
Yg depends on a real, q-dimensional vector 8. The Fisher information matrix U € R9%?

for 6 has (i,7) entries given by

Uz'j =

.
Oty 5,19k 1 (2 1920 (C.1)

90; % 00; 0 96, 0 aa)
fori,j=1,...,q

Proof. Define the derivative of a matrix ¥ € RP*P with respect to a scalar z, denoted
0¥X/0z € RP*P by (0X/0z);; = 0%;j/0z, i.e. derivatives are taken element-wise. The

two identities below are useful:

0 0%
) 0%
ox1 o%
=-x 1=yt 4
0z 0z (C.4)

A useful reference for these identities is Petersen and Pedersen (2012).

Differentiating the log-likelihood for # with respect to the ¢’th component of 6 yields

0 10 1 _
90, L(0|X) = 5710g|20| =590, tr(zgl(X — o) (X — o))
L ox 1 ox,"
= —5tr(X ! 0) 2tr< 90 (X — po) (X — po) )
1
2

(B)

ox 1 0%
e 9) 5 tr <E‘91806 1(X—M9)(X—M9)T)

( 26
(9 80 ((X = o) (X — pg) ))
“3

C.1 MULTIVARIATE NORMAL DISTRIBUTION
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Taking derivatives again, this time with respect to 6;, of the three parts (A), (B) and
(C) above, we get:

. (A)
() - ()
. (B)
- (5 o)

+ gt <29132290 By (X — o) (X - ’“”T)

e G o)

o (s e )
. (C)

0 _ oy oyt o, O Oy
09, tr( o (X = o) aez-> tr( a9, X 1) a0 ~F0 50, a0,

The Fisher information matrix U contains (i, j) entries equal to the expectation of

2 .
— g6.5; L(01X). Using the fact that 1) E[X — up] = 0; 2) E[tr 3] = tr(EX); 3) E[XX '] =

Yg; and 4) the trace is invariant under cyclic permutations, we get

1 Ope Opg
L 1910 Ul
Uij = tr (29 20, 90,
L (95 0% 2518229 0%, 0%y 26_18229 0% 0%,
27\ 99, 06 00,0; _06; 00, 060:0;  06; 09,

_a/ﬁ:orzfl% 1 <29162921629)

= -t
20; ° 90, 2 20; " 0,

as required. [
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C.2 Matrix normal distribution

Definition C.2 (Matrix normal distribution). Let X € R™*"™ matrix, and let X follow
a matrix normal distribution with mean g € R™™ and row and column variances
Y € R™™ and ¥ € R™*™ respectively, which we denote by X ~ MN,, »,(u, 2, V). Then,

o Pdf. p(X|ps, 5, T) = (2m) /2|52 |p| /25t (VT X TR (X w)

e Moments. EX = p, Var(X;.) = ¥ for i = 1,...,n, and Var(X.;) = ¥ for
j=1....m

« Entropy. H(p) = log|2me(¥ @ ¥)| = ™2(1 + log 27) + 5 log|S|™ ¥
The matrix normal distribution is simply an extension of the Gaussian distribution to

matrices. A matrix normal random variable can be expressed as a multivariate normal

random variable.

Lemma C.4 (Equivalence between matrix and multivariate normal). X ~ MN,, (¢, 3, ¥)

if and only if vec X ~ Ny (vecp, U @ X).
Proof. In the exponent of the matrix normal pdf, we have
1 _ _
—Str (ITHX = ) 'BTHX )
1
=3 vee(X — p) " vee(ZTHX — p) @Y
1
=-3 vee(X — )T (Tt @27 vee(X — p)

1
= —i(vecX — Vec,u)T(\Il ® %) (vec X — vec p).

Also, |B|7™/2|¥|="/2 = |& @ ¥|~Y/2. This converts the matrix normal pdf to that of a

multivariate normal pdf. [ |

Some useful properties of the matrix normal distribution are listed:

« Expected values.

E[(X = p)(X = p)'] = tr(¥)E € R™"

E[(X = p) (X — p)] = tr(2)¥ € R™™
E(XAX") =tr(AT0)S + pAp"
E(X"BX)=tr(XB")V + 1" Bu

E[XCX]=XCT¥ + uCp

C.2 MATRIX NORMAL DISTRIBUTION
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« Transpose. X ~ MN,, (¢, ¥, ).

o Linear transformation. Let A € R**" be of full-rank a < n and B € R™*? be
of full-rank b < m. Then AXB ~ MN,,(u", ASAT BTUB).

o Iid. If X; i Ny (p, ) for ¢ = 1,...,n, and we arranged these vectors row-wise
into the matrix X = (X{,..., X,))T € R™™ then X ~ MN(1,u",I,, V).

C.3 Truncated univariate normal distribution

Definition C.3 (Truncated univariate normal distribution). Let X ~ N(u,0?) with
the random variable X restricted to the interval (a,b) C R. Then we say that X

follows a truncated normal distribution, and we denote this by X ~ *N(u, 02, a,b). Let
o =(a—p)/o, B=(b— /o, and C = B(8) — ®(a). Then,

e Pdf. p(X|u,0,a,b) = O~} (2m02)2e 22 X1 = 5O 1g(Xon),

¢ Moments.

EX = M—FUW
EX2 — 0-2 +M2 +02W + QMJW
2
VarX — o |12 @9(@) - Bo(8) <¢<a> _ ¢(5)> ]
o Entropy.
ag(a) — Bo(B)

1
H(p):§log27rea2+log0+a 5C

g 09(a) — Bo(B)

1 1
:§log2weo2+log0+f‘2-a c

1 2 1 2
= §log27m +logC+ﬁE[X—u]
because Var X + (EX — p)2 =EX? — (EX)? + (EX)? + p® — 2uEX.

For binary probit models, the distributions that come up are one-sided truncations
at zero, i.e. 'N(u,02,0,+00) (upper tail/positive part) and *N(u,o?, —00,0) (lower
tail/negative part), for which their moments are of interest. As an aside, if g4 = 0 then
the truncation *N(0, 02,0, +00) = N, (0, 0?) is called the folded-normal distribution. For
the positive one-sided truncation at zero, C' = ®(+o00) — &(—p/o) = 1 — &(—pu/o) =
®(u/o), and for the negative one-sided truncation at zero, C' = &(—pu/o) — &(—o00) =
1 — ®(u/o). Additionally, if o = 1, then *N(0,1,0,+00) = N4 (0,1) is called the half-

normal distribution.
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One may simulate random draws from a truncated normal distribution by drawing
from N(u,0?) and discarding samples that fall outside (a,b). Alternatively, the inverse-
transform method using

X=p+0d1(®(a)+UC)

with U ~ Unif(0, 1) will work too. Either of these methods will work reasonably well
as long as the truncation region is not too far away from p, but neither is particularly
efficient. Efficient algorithms have been explored which are along the lines of either
accept /reject algorithms (Robert, 1995), Gibbs sampling (Damien and Walker, 2001),
or pseudo-random number generation algorithms (Chopin, 2011). The latter algorithm
is inspired by the Ziggurat algorithm (Marsaglia and Tsang, 2000) which is considered

to be the fastest Gaussian random number generator.

C.4 Truncated multivariate normal distribution

Definition C.4 (Truncated multivariate normal distribution). Consider the restric-
tion of X ~ Ng(u,X) to a convex subset! A C R% Call this distribution the trun-
cated multivariate normal distribution, and denote it X ~ "Ng(u, 3, A). The pdf is
p(X|p, 2, A) = C1op(X|u, 2) 1(X € A), where

C:/A<b($|u,2)d:1c:P(X€A).

Generally speaking, there are no closed-form expressions for E[g(X)] for any well-
defined functions g on X. One strategy to obtain values such as E X (mean), E X2
(second moment) and E[logp(X)] (entropy) would be Monte Carlo integration. If
XWX are samples from X ~ *Ny(u, 2, A), then Eg(X) = x Zle g(X ).

Sampling from a truncated multivariate normal distribution is described by Robert
(1995), who used a Gibbs-based approach, which we now describe. Assume that the

one-dimensional slices of A
.Ak(X_j) = {XJ | (Xl, e ,Xj_l,Xj, Xj+1, ce ,Xd) S .A}

are readily available so that the bounds or anti-truncation region of X; given the rest

of the components X_; are known to be (;v;,:nj) Using properties of the normal

LA convex subset is a subset of a space that is closed under convex combinations. In Euclidean space,
for every pair of points in a convex set, all the points that lie on the straight line segment which joins
the pair of points are also in the set.

C.4 TRUNCATED MULTIVARIATE NORMAL DISTRIBUTION
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distribution, the full conditionals of X; given X_; is

Xj|X_j ~"N(pj, 63,25 ,2))
~ T
fij = g+ X5 ¥ (2 — )

57 =51~ 5) ;5555
According to Robert (1995), if ¥ = X7!, then

—1 T
Y =V W5V /Yy

which means that we need only compute one global inverse ¥~!. Therefore, the Gibbs
sampler makes draws from truncated normal distributions in the following sequence,
given initial values X (©):

e Draw X\ x$0 . xW < N(iy, 62,27, 27).

o Draw x| xD x0 X0 LN (g, 62,25, 27).

e Draw Xu(lt)|X£tH), . ,X(gtjll) ~ "N(fiq, 03, z;, ).

In a later work, Damien and Walker (2001) introduce a latent variable ¥ € R such
that the joint pdf of X and Y is

p(X1,...,Xq,Y) cexp(=Y/2)1 (Y > (X — p) X - 1) (X € A).
Now, the Gibbs conditional densities for the X}’s are given by
p(X;|X-;,Y) < 1(X; € By)

where

By € (e, a7) N{X; | (X - ) =7 (X — ) < Y.

Thus, given values for X_; and Y, the bounds for X; involves solving a quadratic equa-
tion in X;. The Gibbs conditional density for Y'|X is a shifted exponential distribution,
which can be sampled using the inverse-transform method. Thus, both X and Y can be

sampled directly from uniform variates.

For probit models, we are interested in the conical truncations C; = {X; > Xi|k #
j,and k = 1,...,m} for which the j’th component of X is largest. These truncations

form cones in d-dimensional space such that C; U ---UC; = R%, and hence the name.

In the case where X is a diagonal matrix, the conically truncated multivariate normal
distributions are easier to deal with due to the independence structure in the covariance

matrix. In particular, most calculations of interest involve only a one dimensional inte-
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gral of products of normal cdfs. We present some results that we have not previously

seen before elsewhere.

Lemma C.5. Let X ~ "Ny(u, 3,C;), with p = (p, ... )| and ¥ = diag(o?, . .. ,afl),
and Cj = {X; > Xy|k # j,and k = 1,...,m} a conical truncation of R? such that the

7 ’th component is largest. Then,

(i) Pdf. The pdf of X has the following functional form:

c-1 1 d T; — Wi 2
p(X):01--'0d(27r)d/26xp[_2z< Ti )]

i=1

where ¢ is the pdf of a standard normal distribution and

d

gj Hj — Hi

C=E oLz + L=

Lo (G|
i#j

where Z ~ N(0,1).

(ii) Moments. The expectation E X = (EXl, .. .,EXd)—r s given by

pi = 0iC By (60Tl @] i1 ]
MJ—UjZi;éj(EXi_“i) fi=j

EX, =

and the second moments E[X — u]? are given by

O’Z»2 + (,Uj - /Lz)(EXz — ) + O'iO'jC_l Ez [Zgﬁl Hk;éi,j q)k} ifi#j

B(Xi—pi)? =
C o2 Ey [22 [Trsj ‘I’k} ifi=j

where we had defined

i =0i(Z)=¢ (UjZ+Mj _Mi) ,and

b = D,(Z) =@ <"J 1y ’“).
(iii) Entropy. The entropy is given by

1
H(p) =logC + - 10g27r+ Zloga —|— —2 x; — i)
11 i

Proof. See Appendix D for the proof. |
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C.5 Gamma distribution

Definition C.5 (Gamma distribution). For X € Rxq, let X be distributed according
to the gamma distribution with shape s and rate r, denoted X ~ I'(s,r). Then,

o Pdf. p(X)=T(s)"1rs X5 le X,

o Moments. EX = s/r, Var X = s/r?%.

o Entropy. H(p) = s —logr +logI'(s) + (1 — s)i(s).

In the above, I'(-) and %(-) are the gamma and digamma functions respectively,
defined by

I(a) = (a—1)! ifae€Z*

JoSu*tem"du otherwise
and P Or(a) /da
P(a) = %logf(a) = T

Often, the gamma distribution is parameterised according to shape s and scale o = 1/r

parameters, X ~ I'(s, o).

C.6 Inverse gamma distribution

Definition C.6 (Inverse gamma distribution). For X € R>(, a random variable X
distributed according to an inverse gamma distribution with parameters s (shape) and
o (scale) is denoted by X ~ I'"1(s, o). Then,

o PAf p(X) =T(s) los X (sHDe=o/X

« Moments. EX =¢/(s— 1), Var X = 0?((s — 1)*(s — 2))_1.

« Entropy. H(p) = s+ log (6T(s)) — (1 + s)¥(s).

with T'(+) and 9(-) representing the gamma and digamma functions respectively, as de-
fined in Appendix C.5.

Lemma C.6. If X ~T'(s,7) (shape and rate parameterisation), then 1/X ~ T'~1(s,7).
Proof. Let Y =1/X. Then the pdf of Y is

(1) = px (UY) | -0/

=D(s) ' (1/Y) e M (1/Y?)
_ F(S)71T5Y7(5+1)67T/Y

which is the pdf of an inverse gamma with shape s and scale r. |
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Appendix D

Proofs related to conical
truncations of multivariate

normals

We present the proof for Lemma C.5 related to the conically truncated multivariate
normal distribution with an independent covariance matrix structure, which we had not

encountered in the literature.

D.1 Proof of Lemma C.5: Pdf

Using the fact that [ p(z)dz =1, and that

d
1

1=

d
:/~--/]l[:ci<xj,Vi7éj]H [;gb <£L'z _'M)] dzy---day
i=1 7" i
a1 Tj — fbj d
:/-~/]l[ﬂci<xj,Vz#J]a,¢< ja} j>H —
j j 4

d
Z/Hé(xj_“i> 1d><xj_'uj>dxj
i—1 ag; gj g4

i#]

:/Hq) (W) b(z)dz
i=1 !

i#]
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H@ Gig BT H
0; g;
#J

the proof follows directly.

D.2 Proof of Lemma C.5: Moments
Recall that for Y ~ 'N(u, 02, —00,b), for some function g of Y, we have that

Blg(Y)] = o(8)"! / ly <] g(0) (gl o) dy,

and in particular, we have

I C)
EY —p) = O'(I)(ﬁ) (D.1)
2 o 2Po(B)
EY -u—0"=-0 (5) (D.2)
where f = (b — u)/o. For the conically truncated multivariate normal distribution

X ~ "Ny(p, X, A;), where X = diag(o?, ... ,a?l), the independence structure of ¥ makes
it possible to consider the expectations of each of the components separately by marginal-
ising out the rest of the components. For simplicity, denote p(xr) = ¢(zk|uk, or) =
oy LTtk L), For i # j, we have

Elg(Xi)] = 0_1/"'/[9% <, Vk # j] - g(2:) f[p(xk)dxl - dag
— C—1$E // x; < 2] - g(xs)p(xs)p(xy) ]i[ < )d:md:nj
oy

=C" /EX uz,al ,—00, xj) H ¢ <

k#y

) (o) da; (D.3)

where C is the normalising constant for X, while for the j’the component we have

d
Elg(X,)]=C" / /xk < xz;,Vk # j] - g(z;) H (xg)dxy - - day
(-, -
=t faten ILe (V) oty o 0.4

ki
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Plugging in

EX; —pi =

(D.1) for g(X;) = X; — pi in (D.3) we get

_0_1/ <ai¢ (%;Mz> /q> (9@;;@)) k]i[lfb (W) p(z;) d;
h#j
—,C / < “Z> H d (x]Gkﬂk)p(ﬂﬁj)dfﬂj

k#w
d
—UiC_1/¢ <UJZ ki M? Ml) H o <U]Z sl Mk) ¢(z)dz
7i k=1 Tk
k#j

d
e [o (DL [a (B2t ]
ag; O

k=1
ki

where Z is the distribution of N(0, 1), and we had used a change of variable x; = o2+,

so that p(z;) = aj_lcz)(z) and dz; = o;dz. For the j'th component, substitute g(z;) =
— pj in (D.4) to get

d
_ Tj—
EX; —p=C 1/(xj—uj)H<I>< e k>p(wj)dfrj
k=1

ki

d
_ o, / e (w—ﬂ) o(2) dz

k=1
k]
d d
_ o Z+u 052 + |1 — [k
=0;) 0:.C'E gb(j / )H <J kj
=1 k=1
i#j k#i,j
= —0j g EX

l#]

where we have made use of Lemma D.1 in the second last step.
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For the second moments, plug in (D.2) for g(X;) = (X; — p;)? — 02 in (D.3) to get

d
(i o((xy —
E(X; — wi)? — o} = —0fC 1/ — 'q)((( - H < )p(wj)dﬂﬁj
v Lj= k:l
k#j
= —g,C7! (xj—Mj)¢< ]U' Z) H <I>< jcrk )P(Ij)d:ﬂj
v k=1
ki,

= (g — i) (B X — p;)

d
057 + pj — H H 02+ [y — [k
(2

+ UinC_l E

Eol
S
=
<.

And similarly, for the j’th component

E(X; — ) =07 /(%’ — 15)° kﬁl ® (W) p(x;) dw;

ki
1.9 2 205 + [j — [
= oL~ - e}
=C" a/ H < o >p(a;]) z
k#]
d
Z . P
e, e (Zmem)]|
k=1 Tk
k#j

Lastly, we used the following result in the derivation above.

Lemma D.1. Let Z ~N(0,1). Then for allm € {N|m > 1} and (u,0) € R x RT,

m m m
E(Z][®0xZ+m)| =) E [om(aiz + i) H (o1 Z + )

k=1 1=1 k=1

k#j i#j ki j

for some j € {1,...,m}.
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Proof. Use the fact that for any differentiable function g, E[Z¢(Z)] = El¢'(Z)], and
apply the result with the function gn, : z — [];,; ®(okz + pg). All that is left is to
derive the derivative of g, and we use an inductive proof to do this. Introduce the

following notation for convenience:

¢i = ¢(0iz + i)
P, = (I)(O'iz + ,ul)

The simplest case is when m = 2, which can be trivially shown to be true. Without

loss of generality, let j = 1. Then

92(2) = &2
2 2
= §2(2) = 0202 = Z [Ui¢i Z |-
i=1 k=1
i1 kA1,

Now assume that the inductive hypothesis holds for some m € {N|m > 1}. That is,
the derivative of gn,(2) = [[).; Pk,

is assumed to be true. Also assume that, without loss of generality, j # m + 1. Then,

the derivative of

is found to be

Im+1(2) = Oms10m419m(2) + Gm(2) Prmg1

m m m
= omp1mi [[ Pe+ ) [Ui@' 1T (I)k} Pt
k=1 i=1 k=1
KA A kA
m+1 m m+1
=omp1bmi || Tkt [Uﬂbz‘ 1T ‘Pk]
k=1 i=1 k=1
k#j,m+1 i#] k#i,j
m+1 m+1
=> [Ui¢i 1T ‘I)k],
i—1 k=1
i#] oy

as required for the inductive proof. Using linearity of expectations, the proof is complete.
[
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D.3 Proof of Lemma C.5: Entropy

As a direct consequence of the definition of entropy,
H(p) = — E[log p(X)]

d 1 d 1 d Ti — Ms 2
— 2 7 1
=—E —10g0—§10g27l—§é logo’i —5 E <Z> ]

=1

d 1
logC’—I—flog27r+ Zloga + = Z—Q i — ).

11Z
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Appendix E

I-prior interpretation of the

g-prior

The I-prior for 8 in a standard linear model resembles the objective g-prior (Zellner,

1986) for regression coefficients,
B~N, (0,9(XTTX)Y),

although they are quite different objects. The g-prior for 3 has the inverse (scaled)
Fisher information matrix as its covariance matrix. This, in itself, has a much different
and arguably counterintuitive meaning: large amounts of Fisher information about 3
corresponds to a small prior variance, and hence less deviation away from the prior mean
of zero in estimating 3. The choice of the hyperparameter g has been the subject of much
debate, with choices ranging from fixing ¢ = n (corresponding to the concept of unit
Fisher information), to fully Bayesian and empirical Bayesian methods of estimating ¢
from the data.

On the other hand, we note that the g-prior has an I-prior interpretation when argued
as follows. Assume that the regression function f lies in the continual dual space of R?
equipped with the inner product (x,x')y = x' (X" ®X)~'x. With this inner product
and from (3.3) (p. 90), the Fisher information on 3 is

Z,B) =) > ¢u(XTeX) x; @ (X ¥X) 'k,
i=1 j=1

= X"ex) ' (xTex) (X Tex)?
= (xXTex)!,

and this, rather than the usual X" ®X as the prior covariance matrix for 3, means that

the I-prior is in fact the standard g-prior.
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The metric induced by the inner product is actually the Mahalanobis distance, a scale-
invariant natural distance if the covariates are measured on different scales. To expand
on this idea, circle back to the regression function and write it as f(x) = (x,8)x. In
usual least squares regression, the choice of inner product is irrelevant, so the usual dot
product is commonly used (however, as we have seen above, the choice of inner product
determines the form of the Fisher information for 3). In particular, suppose that all
the x;’s, kK = 1,...,p for each unit ¢ = 1,...,n are measured on the same scale; for
instance, these could be measurements in centimetres. In this case, the dot product
is reasonable, because (x;,x;) = 22:1 x;1xj and the inner product has a coherent
unit, namely the squared unit of the z;;’s. However, if they were a mix of various
scaled measurements, then obviously the inner product’s unit is incoherent—one would
be resorted to adding measurements in different units, for example, cm? and kg? and so
on. In such a case, a unitless inner product is appropriate, like the Mahalonobis inner
product, which technically rescales the z;;’s to unity. In summary, if the covariates are
all measured on the same scale, then the I-prior is appropriate, and if not, the g-prior is

appropriate.
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Appendix F

Additional details for various

I-prior regression models

These are additional details relating to discussion on various I-prior regression models in
Section 4.1 of Chapter 4 (p. 102). These details relate to the standard linear multilevel

model and the nalve classification model.

F.1 The I-prior for standard multilevel models

We show the corresponding I-prior for the regression coefficients of the standard linear
multilevel model (4.3). Write o = 3y, and for simplicity, assume iid errors, i.e., ¥ = ¢L,.
The form of f € F is now f(xz(j),j) = szzll > =1 hA((xz(j),j), (xg,j/),j’))wi/j/, where
each wyj ~ N(0,¢~1).

Now, functions in the scaled RKHS F3 have the form

.1

f2(5) = i i A2 <5jj:l - 1> W

where a ‘+’ in the index of w;, indicates a summation over that index, and p; is the

empirical distribution over M, i.e. p; = n;j/n. Clearly f2(j) is a variable depending on
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J, so write fa(j) = Boj. The distribution of fy; is normal with mean zero and variance

Var fy; = A2 ( Lk n¢>

2 /m2
n;/n

1
= nYA3 (p +1) .
J

The covariance between any two random intercepts By; and By, is

Cov(Boj, Boj) = Cov [)\2 <w+] - ’w++> ;A2 <w+jl - ’w++>}
P pj

2 »0 2 2
— A
Covw W — 22 Cov(wyj,w — 22 Cov(way, wir
pjp] ( +J +]) D ( +J ++) Dy ( ++ +])
+ A5 Cov(wy 1, wiy)
A3 A3
= 0 — —2 e+ Ny
T/ g
= — YAl

Functions in Fy2, on the other hand, have the form

S
f12(x4, ) Z Z A %97 ,f/] ) <” - 1) Wy

i'=1j4'=1 pj

. " . njl m -y
T o R N DI A A

Pi i i'=1j'=1

B j

and this is, as expected, a linear form dependent on cluster j. We can calculate the

variance for 31; to be

1 -~ -
Var 31 = M{\3 Var <pX;~rwj - XTW>
J

qj} ~ ~
= \2\2 (n/ X)X+ X X — Ej){jcov(wj,w)xT

= npATA3 < j>
= npAIN2 K > S; + s]
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where S; = % Z?il(xgj) - )_()T(xl(-j) -%),S=1%", ;”Zl(xl(-j) - X)T(xl(j) —X), and

X = %Z:ﬁl ;-n:l xz(-j ). The covariance between two vectors of the random slopes is
212 1 o7 T 1 o1 T
Cov(B1j, B1jr) = A1A; Cov ;ij w; — X w, EXj’Wj/ -X'w
U 1 -+~ 1
T T
= PAINS <X X-—X;X; - —

Dj Dy
=nPAiA; (S—S; —Sy).

ST
X]/X]/)

Another quantity of interest is the covariance between the random intercepts and
random slopes:
C 2 L T T 1 xT xT
ov([Boj, B1j] = A1 A5 Cov p—jlnjwj -1, w, p— w; —X'w

n
J

- 1 - 2 -
= A1 A3 (LIX + 51, X5 - =1 Xj>

o |1 LSa L 0) -
=npMA; || ——2 —Z(Xl - X)
P "3
= NN (1 - 2> xV) — %)
pj

and

1 1 & -
Cov(Boj, Brj1) = M A3 Cov (1;|;jo -1, w, —X;-':Wj/ — XTW>
Pj Py’

- 1 - -
:1/;)\1>\2<1;LrX + —1] Cov(wjwy) Xi——1 X;
2 pipy " (J ]) J p; M J
_11;/5(].,)
by Y
L& i) o L&) .
=g | ==Y (7 = %) = =y (T - %)
J =1 A

= NP AN

/N

2% — 5((]') _ 5((]")) )

F.2 The I-prior for naive classification

For the naive I-prior classification model (4.7), the I-prior is derived as follows. Firstly,
the functions in Faq and Fx need necessarily be zero-mean functions (as per the func-
tional ANOVA definition in Definition 2.36 (p. 79), but also, as per the definition
of the Pearson RKHS and centred identity kernel RKHS). What this means is that
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Doy =0, 370 fi(zi) =0, and Y31, fj(2;) = 0. In particular,

B[S u] =3+ pw)

J=1 J=1

m m
= moa+ Zaj + ij(ml)
=1 =1

and since Z;nzl yi; = 1, we get the ML estimate & = 1/m, and thus the grand intercept

can be fixed to resolve identification.

It is much more convenient to work in vector and matrix form, so let us introduce
some notation. Let w (c.f. y, f and €) be an n x m matrix whose (7, ) entries con-
tain wi; (c.f. wij, f(24,7), and €;). The row-wise entries of w are independent of
each other (independence assumption of the n observations), while any two of their
columns have covariance as specified in ¥. This means that w follows a matrix nor-
mal distribution MN,, ,,(0,I,,, ¥), which implies vecw ~ Ny,,,,(0, ¥ ®I,,), and similarly,
€ ~ Nun(0, 71 ®I,). Denote by B,, the n x n kernel matrix with entries supplied
by kernel 1 + b, over X x X, and A the m X m matrix with entries supplied by a over
M x M. From (4.7), we have that

f=B,wA ¢ R,

and thus vecf ~ Ny, (0, APA @ B2). Asy = 1,a' 4 f+ ¢, where o € R™ with j’th

component « + a; = 1/m + «, by linearity we have that
vecy ~ Nom (Vecoa,A\I’A®B727—i—\Il_1 ®In) (F.1)

and
vecy|w ~ Ny (vec(a + B,wA), ' ®1,). (F.2)

By the results of Chapter 4, the posterior distribution of the I-prior random effects is

vecwly ~ N(vecw, V), where

veew = V(T @ Hy) vec(y — 1,a') and V,'=APA® B% +T eI, =V,
(F.3)

Suppose hypothetically, one uses the uncentered identity kernel a(j,j’) = d;;/, in
which case centring of the intercepts o; must be handled separately. In conjunction

with an assumption of iid errors (¥ = 1), the above distributions simplify further.
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Specifically, the variance in the marginal distribution becomes

Var(vecy) = (¢¥1,, ® B,27) + @, 01,)
= (Im & 1/113127) + (Im & wilIn)
vy

- e —

which implies independence and identical variances Vy for the vectors (y1;, . . - ,ynj)T for
each class j = 1,...,m. Evidently, this stems from the implied independence structure
of the prior on f too, since now Var(vecf) = diag(¢B%,...,¢B%), which could be

interpreted as having independent and identical I-priors on the regression functions for
. T
each class f.; = (f(acl,]), e f(xn,]))

F.2 THE I-PRIOR FOR NAIVE CLASSIFICATION

297



298



Appendix G

Posterior distribution of the

I-prior regression function

We derive the posterior distribution for the I-prior random effects w = (wy, ... ,wn)T,

which is related to the I-prior regression function via f(x;) = Y ,_; hy(2i, 2x)wg, or in
matrix terms, f:= (f(z1),... ,f(l‘n))T = H,w, and f € F an RKHS with kernel h,,.
A closely related distribution of interest is the posterior predictive distribution of ynew,
the prediction at a new data point znew. We note the similarity of these results with the

posterior distributions of Gaussian process regressions (Rasmussen and Williams, 2006).

G.1 Deriving the posterior distribution for w

In the following derivation, we implicitly assume the dependence on fy and 6. The
distribution of y|w is N, (a+fo+H,w, ¥1), where a = a1,,, while the prior distribution
for w is N,,(0, ¥). Since p(w]y) o p(y|w)p(w), we have that

log p(wly) = logp(y|w) + log p(w)

1 1
= const. + 5 log|¥| — §(y —a—f-H,w) ¥y -a-f-Hw)
1 L Tg-1
5 log| ¥ | oW v w
1
= const. — §WT(H77‘I’H,7 + ¥ Hwt (y—a—fy) TH,w.
Setting A = H,¥H,, + Ut al =(y—a—1f)"¥H,, and using the fact that

w Aw —2a'w=(w—-Ala)A(w - A la),
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we have that w|y is normally distributed with the required mean and variance.
Alternatively, one could have shown this using standard results of multivariate normal

distributions. Noting that the covariance between y and w is

Cov(y,w) = Cov(a + fo + Hyw + €, w)
= H,, Cov(w,w)
=H,¥

and that Cov(w,y) = ¥H, = H,¥ = Cov[y, w| by symmetry, the joint distribution

(v, w) is
y a+ 1 v, H,¥
~ Nn+n ) .
w 0 vH,
Thus,
E(wly) = Ew + Cov(w,y)(Vary) '(y —Ey)
= \IlHanjl(y —a—f)),
and

Var(wly) = Varw — Cov(w,y)(Vary) ! Cov(y, w)
=¥ -H, ¥V, 'H,¥
— ¥ - UH, (¥ ! +H,¥H,)  H,¥
— (¢ +H,¥H,) "
— V;l

as a direct consequence of the Woodbury matrix identity (Petersen and Pedersen, 2012,
Eq. 156, Sec. 3.2.2).

G.2 Deriving the posterior predictive distribution

The posterior predictive distribution is obtained in an empirical Bayesian manner, in
which the parameters of the model are replaced with their ML estimates (denoted with
hats).

A priori, assume that ynew ~ N(&, Vnew), Where vpew = hy (xnew)—r\i’hﬁ(xnew) + k.

Consider the joint distribution of (ynew,y' )", which is multivariate normal (since both
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UYnew and y are. Write

Ynew N o) Unew COV(ynewv y)
~ n+1 ~ bl T " I
Yy 1, COV(yneWa Y) Vy

where
COV(ynewa y) = COV(fnew + €new, f+ 6)
= Cov( fnew, f) + Cov(€epew, €)
= Cov (hﬁ(xnew)TVNV, HﬁVNV) + (Onew, 15 - - s Tnew,n)
= h(Tnew) TH; + Opew-
The vector of covariances oey between observations yi,...,y, and the predicted point

Unew Would need to be prescribed a priori (treated as extra parameters), or estimated
again, which seems excessive. Under an iid assumption of the error precisions, then

Onew = 0 would be acceptable.

In any case, using standard multivariate normal results, we get that ypew|y is also

normally distributed with mean
E(yneWb’) =a+ (hﬁ(xn€W>TlilHﬁ + Unew)vy_ly

= &+ By (Tpew) "y (Tnew)  TH VY + 0nen V'Y

= &+ E (f(new)|y) + mean correction term

and variance

Var(ynew|Y) = Unew — (hﬁ(wnCW)T\ilHﬁ + ancw)vzjl(hﬁ(xncw)T\ilHﬁ + Onew) |
= hy(Znew) " Oh; (Tnew) + Viow — i (@new) WH; V' H; Ohy (2new)
+ variance correction term
= hﬁ(xnevv)—r (‘i’ - ‘i’Hﬁvyleﬁi’)hﬁ(iUnew) + ¢;e1w
+ variance correction term
= hﬁ(xneW)TVy_ "hy (Tnew) + Ypew + variance correction term

= Var (f(@new)|y) + Yoy + variance correction term.

G.2 DERIVING THE POSTERIOR PREDICTIVE DISTRIBUTION
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Appendix H

Variational EM algorithm for
I-probit models

The two sections that follow detail the derivation of the variational densities used in
the E-step of the variational EM algorithm, and also the lower bound (ELBO) used to

monitor convergence.

H.1 Derivation of the variational densities

In what follows, the implicit dependence of the densities on the parameters of the model

0 are dropped. We derive a mean-field variational approximation of

p(y", wly) ~ q(y*)g(w)
= [[avi)a(w).

=1

The first line is by assumption, while the second line follows from an induced factorisation
on the latent propensities, as we will see later. Recall that the optimal mean-field

variational density ¢ satisfy

log 4(y*) = Ew~g [logp(y,y*,w)} + const. (from 5.13)
log G(w) = Ey+~g [logp(y,y*, w)] + const. (from 5.14)

The joint likelihood is given by
p(y,y",w) =p(yly")p(y"Iw)p(w).

For reference, the three relevant distributions are listed below.
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e p(yly*). For each observation i € {1,...,n}, given the corresponding latent
propensities y* = (y¥,...,y;,), the distribution for y; is a degenerate distribu-
tion which depends on the j'th component of y; being largest, where the value
observed for y; was j. Since each of the y;’s are independent, everything is multi-

plicative.

m

i=1j=1 i=1j=1

e p(y*|w). Given values for the parameters and I-prior random effects, the distri-

bution of the latent propensities is matrix normal
YW ~ MN,, (L' +H,w, L, &)

Write g = 1, + H,w. Its pdf is
. nm n 1 ¥ X
p(y*|w) = exp [—2 log 2 + 7 log|W| — — tr ((y" — ) ¥(y" - H)T)]

)

nm n I, . .
= €xp [—2 log 27 + 9 log|®| — ) ;(yz - Hi-)T‘I’(yz'. — M)

where y;, € R™ and p;. € R™ are the rows of y* and p respectively. The second
line follows directly from the definition of the trace, but also emanates from the

fact that y; are independent multivariate normal with mean p; and variance A

e p(w). The w’s are normal random matrices w ~ MN,, ,,,(0,I,,, ¥) with pdf

1
p(w) = exp [_n;n log 21 — glog]\I'\ —5 tr (W‘I’le)]

nm n 1 — _
= exp [—210g27r— §log\\Il] - Q;WI‘I’ lwi.] .

H.1.1 Derivation of ¢(y*)
The rows of y* are independent, and thus we can consider the variational density for

each y} separately. Consider the case where y; takes one particular value j € {1,...,m}.

In such cases, we have that y;‘j >y for all k #£ j, and that

logq(y;.) = Ew [—(yz ui)T\Il(y;f‘—ui)]Jrconst.

{ % ) W(y: — ﬁi)} + const. (%)
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where fi;. = o + why(x;), W = Ew~g(w]. This is recognised as the logarithm of a
multivariate normal pdf with mean fi;. and variance ¥~!. On the other hand, when
y; 7 j, the pdf is zero. Thus,

0 otherwise,

q(y;.) =

implying a truncated multivariate normal distribution for y;,. The required moments
from the truncated multivariate normal distribution can be obtained using the methods
described in Appendix C.4 (p. 281).

Remark H.1. In the above derivation, we needn’t consider the second order terms in the
expectations because they do not involve y} , and thus, these terms can be absorbed

into the constant. To see this,

Bl(y;. — i) "W (y; — pa)] = Bly: Wyt + pl Op, — 2] Wy ]
=y Wy? — 2E[u ¥y’ + const.
=y Wy; — 24 Wyl + const.
=(y;. — ﬁi-)T‘I’(yf. — f;.) + const.

The square is then completed to get the final line, which is the expression for the term
(%) multiplied by a half.

H.1.2 Derivation of §(w)

The terms involving w in the joint likelihood (5.14) are the p(y*|w) and p(w) terms, so
the rest are absorbed into the constant. The easiest way to derive G(w) is to vectorise

y* and w. We know that

vecy*|la, w,n, ¥ ~ N,,,,, (Vec(lnaT +H,w), vl In)
and

vecw|¥ ~ N, (0, ¥ ®1,)

using properties of matrix normal distributions.

H.1 DERIVATION OF THE VARIATIONAL DENSITIES
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We also use the fact that vec(H,w) = (I, ® H,) vec w. For simplicity, write y* =
vec(y* — 1,a'), and M = (I, ® H;). Thus,
1

log §(w) = Ey+g [—2(}7* —Mvecw) (1@ L) Hy* — Mvec w)}

1
+ Ey g [—2(vec w) (PRI, vec(w)] + const.

= — % Ey«ng | (vec W)T(MT(\II QL )M+ (T 11, ) vec(w)

+ Eyg [y*T(\II ®I,) M VGC(W)} + const.
1

=3 Ey+ng {(vecw — A 'a)TA(vecw — Afla)} + const.

This is recognised as a multivariate normal of dimension nm with mean and precision

given by vecw = E[A~'a] and V! = E[A] respectively. With a little algebra, we find

that
Vw = {Ey*w’i[A]}il
T 1 -1
= {Byns [ 0 H) (@ 0 1) (I, 0 Hy) + (2 0 1,)]}
= (PoH+ T ' oL,
and

vec W = Ey+5[A'a]

Vi Eyeng [(In @ Hy) (T @ I,) vec(y* — L' )]
V(¥ @ Hy) Eys g [ vee(y* — L,a')]

V(¥ @ H,) vee(y* — 1,a').

We will often refer to w as the n x m matrix constructed by filling in its entries with
vecw column-wise (akin to the opposite of vectorisation). This way, the W contains
posterior mean values arranged by class j = 1,...,m column-wise, and by observations
1 =1,...,n row-wise. Ideally, we do not want to work with the nm x nm matrix V,,

since its inverse is expensive to compute. Refer to Section 5.6.2 (p. 176) for details.
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In the case of the independent I-probit model, where ¥ = diag(1, ..., ¥n), then the

covariance matrix takes a simpler form. Specifically, it has the block diagonal structure:

Vi = (diag(s, .., ¥m) @ H2 + diag(¥1, ..., ) @ L)
= diag (($1H2 +97'T) 7 (B2 +0,0L) )

=: diag(Vu,, ..., Vu,, )-
The mean vecw is

vecw = Vw(diag(wl, cey ) ® ﬂn) vec(y™ — 1naT)

= diag(Vu,, - - -, Vi, ) diag(1Hy, . . ., 0 Hy) vee(5* — 1,a”)
= diag(v1 Vi, Hy, - o, 0 Vi, H)) (7° — 10 ")

= < (@blvlen(yfl - O‘lln))—r e (wmvmen(}N’Tm - O‘mln))—r >T'

Therefore, we can consider the distribution of w = (w.1,...,W.,;,) column-wise, and

each are normally distributed with mean and variance

- - ~x - _ -1
W.j = Vo, Hy (¥ — a;1,)  and V= (¢;H] +9; '1,)".

A quantity that we will be requiring time and again will be tr(C E[w Dw]), where
C € R™*™ and D € R™*™ are both square and symmetric matrices. Using the definition

of the trace directly, we get

m

tr(CE[w' Dw]) = Z Ci; E(w ' Dw);
=" Ci;E(w)Dw.;). (H.1)

The expectation of the univariate quantity W,TiDW. j is inspected below:

E(w/Dw.;) = tr(DE[w.;w}])
= tr (D[Cov(w.j, w.;) + E(w.j) E(wz)TD
— tr (D [Vw[i,j] + w.jvaiD .

where V,[i, j| € R™*™ refers to the (7, j)’th submatrix block of V,,. Of course, in the
independent the I-probit model, this is equal to

Vi, j] = 6 (Y Hy + ¢ 'T,) !
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where ¢ is the Kronecker delta. Continuing on (H.1) leads us to

tr(CE[w Dw)) ;10” tr (D35 Vi, + W] ).

If C = diag(cy,...,Cm), then

tr(CE[w ' Dw]) = i ¢j (tr (Dij) + VNVTDVNV-J)

H.2 Deriving the ELBO expression
The evidence lower bound (ELBO) expression involves the following calculation:

* s *7W0 *
L4(0) = /"'/Q(y ,w)longy dwde

E [logp(y,y", w|0)] + —E [logq(y", w)]

_E [Zzlogp@i\y;;) ©3" logplytlasw, ¥.n) + logp(w|®)
i=1 j=1 i=1

+3 Hlay;)] + H[a(w)).
=1

As discussed, given the latent propensities y*, the pdf of y is degenerate and hence can

be disregarded.

H.2.1 Terms involving distributions of y*

n

{ [log p(y?|a, w, ¥, )] +H[q(y2‘.)}}

=1
n

nm n 1 .~ .~
= - 710g27r+ §log|\Il\ - §E |:Z(y7, - Hz’-)T‘I’(yz’. - Mz)]
i=1
n

nm n 1 .~ .~
+ 7log27r - glog\\ll\ + §E [Z(yz - ui-)T‘I’(Yi. - Hz)] +log C;

i=1
= Zn: log C;
i=1
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where C} is the normalising constant for the distribution of multivariate truncated normal

yr. ~ tN(I]'(xi)7 @_1762;1')’ with ﬁ(xl) =o+ Whn(xi)'

H.2.2 Terms involving distributions of w

1
Elogp(w|®) + H [g(w)] = —% log2m — glog\\m -3 Etr (w\IJ‘le)
1 -
+ %(1 + log2m) + §log|Vw]

nm n 1o~ o S 1 v
=5 - 5log|lIl| — 2ijz_1 v, trE [W.jw.j] + §log|Vw|
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Appendix 1

The Gibbs sampler for the I-prior

Bayesian variable selection model

The I-prior Bayesian variable selection model has the following hierarchical form:

yla, B,7,0% k ~ Ny(ad, + X0,0%I,)
0= (7B, pbBp)
Blo?, k ~ N,(0,02kX " X)
alo? ~ N(0,02A)
o2,k ~T7 e, d)
vj ~Bern(m;) j=1,...,p

In the simulations and real-data examples, we used 7; = 0.5,Vj, A =100, and c = d =

0.001, and the columns of the matrix X are standardised.

The first line of the set of equations above is the likelihood, while the joint prior

density is given by

pla, B,7,0°, k) = p(Blo*)p(elo®)p(c?)p(k)p(n) - - p(p)-

For simplicity, in the following subsections we shall denote by © the entire set of param-

eters, while ©_¢ implies the set of parameters excluding the parameter &.
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I.1 Conditional posterior for 3

log p(Bly,©_g) = const. + log p(y|©) + log p(B|o?)

1 1 _
= const. — Tﬂ“y —al, - X, 8|? - ﬁBT(/@XTX) G,

— const. — 2%2 (ﬁT(XIX7 +(RXTX) B - 2y — aln)TXV,B)
= const. — %(,@ —B(y — ozln))—r]?}_1 (B— B(y — aly))

where B = X;Xv + (kX TX)7L, and X, = (71 X1 - 9,X,) is the n x p design matrix
X with each of the p columns multiplied by the indicator variable . This is of course

recognised as the log density of a p-variate normal distribution with mean and variance

E(B8|©_5) = B(y — al,) and Var(8|0_g) = ¢’B.

1.2 Conditional posterior for ~

Consider each ~; in turn. For j € {1,...,p},

p(V5ly, ©—;) o< p(y1©)p(7;)

1 ; .
X exp <—%2!y —al, — X9H2> 77}“(1 — )

Since the support of ; is {0, 1}, the above is a probability mass function which can be

normalised easily. When v; = 1, we have

1 1
ﬁHy —al, — XGJ[» ]”2) = Uy

p(j1y, ©—y;) o jexp (—
while for v; = 0, we have
1 [0])12
a1y 0 o (1= ) exp (~ gy — o, ~ X6} i=
For j =1,...,p, we have used the notation 95“)] to mean

(91, . ,9]‘_1,,8]',9]‘4,_1, .. .,Qp)T w =
(91,...,Qj_1,0,9j+1,...,¢9p)T w=0.

[w] _
0" =
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Therefore, the conditional distribution for «; is Bernoulli with success probability

~ Uj

T =

Uj + Vj ’
I.3 Conditional posterior for «

We can obtain the conditional posterior for o in a similar fashion we obtained the

conditional posterior for 8. That is,

log p(ely,© ) = const. + log p(y|©) + log p(a|o?)

042

202A
1 n
= const. — ﬁ ((n + A_l)a2 — 2« ;(yl - X;l—e)>

1 S —x]0)\
202 (n + A1) n+ A-1 '

1 2
= const. — ﬁ”y —al, — X0|° -

= const. —

Thus, the conditional posterior for « is normal with mean and variance which can be

easily read off the final line above.

I.4 Conditional posterior for o2

The conditional density for o2 is

log p(c®[y, ©_,2) = const. + log p(y|©) + log p(c?)
1
= const. — gloga2 - ﬁ”y —al, — X0|* — (c+1)logo? — d/o?
o

ly — o1, —X0|?/2+4d

= const. — (n/2 4 ¢+ 1) log o 5

g

which is an inverse gamma distribution with shape ¢ = n/2 + ¢ + 1 and scale d =
ly — al, — X8|2/2 + d.
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I.5 Conditional posterior for x

Interestingly, since s is a hyperparameter to be estimated, it does not actually make use

of any data, apart from the appearance of X in the covariance matrix for 3.

log p(kly, ©—x) = const. + log p(Blo?, ) + log p(r)
1 1
= const. — glog/f — = — BT XTX) 18— (c+1)logk —d/k
2 Kk 202

BT (XTX)"'8/0% +d
K

= const. — (p/2+c+1)logk —

This is an inverse gamma distribution with shape ¢ = p/2 + ¢ + 1 and scale d =
BT(XTX)™13/c% +d.

I.6 Computational note

From the above, we see that all of the Gibbs conditionals are of recognisable form,
making Gibbs sampling a straightforward MCMC method to implement. We built an R
package ipriorBVS that uses JAGS (Plummer, 2003), a variation of WinBUGS, internally
for the Gibbs sampling, and wrote a wrapper function which takes formula based inputs
for convenience. The ipriorBVS also performs two-stage BVS, and supported priors are
the I-prior, g-prior, and independent prior, as used in this thesis. Although a Gibbs
sampler could be coded from scratch, JAGS has the advantage of being tried and tested
and has simple controls for tuning (burn-in, adaptation, thinning, etc.). Furthermore,
the output from JAGS can be inspected using a myriad of multipurpose MCMC tools
to diagnose convergence problems. The ipriorBVS package is available at https://
github.com/haziqj/ipriorBVS.

In all examples, a default setting of 4,000 burn-in samples, 1,000 adaptation size, and
10,000 samples with no thinning seemed adequate. There were no major convergence

issues encountered.

Computational complexity is dominated by the inversion of a p X p matrix, and matrix
multiplications of order O(np?). These occur in the conditional posterior for 3. Overall,

if n >> p, then time complexity is O(np?). Storage requirements are O(np).
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